On Hartshorne's problem for compact C-analytic surfaces M with κ(M)=−∞  by Vo Van, Tan
Bull. Sci. math.,
1999, 123, p. 623-641.
ON HARTSHORNE’S PROBLEM FOR COMPACT
C-ANALYTIC SURFACESM WITH κ(M)=−∞
BY
VO VAN TAN 1
Suffolk University, Department of Mathematics, Beacon Hill, Boston, MA 02114, USA
Manuscript presented by J.-P. FRANÇOISE, received in December 1997
ABSTRACT. – Let M be a compact C-analytic surface, let Γ ⊂ M be a compact
analytic subvariety and let X :=M \Γ . The following two problems will be considered:
Assume that X does not contain any compact curve and that Γ is an irreducible compact
curve in X such that Γ 2 > 0 (respectively assume that the analytic cohomology groups
H 1(X,Ωp) = 0, for all 0 6 p 6 2). Is X always Stein? It is our main purpose here to
provide an affirmative answer to those two problems, providedM is a (minimal) compact
C-analytic surface such that its Kodaira dimension κ(M)=−∞. Also the affine structure
of such Stein surfaces will be discussed. Ó Éditions scientifiques et médicales Elsevier
SAS
RÉSUMÉ. – Soient M une surface C-analytique compacte, Γ ⊂M un sous-ensemble
analytique compact et X :=M \ Γ . On considère deux problèmes suivants : Supposons
que X ne contienne pas de courbes analytiques compactes et que Γ est une courbe
compacte irréducible telle que Γ 2 > 0 (respectivement supposons que les groupes de
cohomologie analytiques H 1(X,Ωp) = 0, pour 0 6 p 6 2). Est-ce que X est toujours
de Stein ? Notre but est de donner une réponse affirmative à ces 2 problèmes, sous
la condition que M est une surface C-analytique compacte (minimale) telle que sa
dimension de Kodaira κ(M)=−∞. Nous étudions également la structure affine de telles
surfaces de Stein. Ó Éditions scientifiques et médicales Elsevier SAS
Throughout this paper, connected C-analytic manifolds of C-dimen-
sion 2, will be referred to simply as surfaces. Also analytic curves mean
C-analytic spaces of pure C-dimension 1. Unless otherwise specified,
all surfaces and curves are assumed to be non-compact. If M is a
compact surface, we shall denote by bi(M) := dimCHi(M,C), its ith
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Betti numbers and by a(M) := the transcendence degree/C, of the field
of global meromorphic functions on M , its algebraic dimension.
0. Motivation of the problem
Let M be a compact surface, let Γ be an irreducible compact analytic
curve and let X :=M \Γ . Then one has the following well known result
PROPOSITION 0.1. – Let M,Γ and X be as above. If X is Stein, then
necessarily, one has
Γ 2 = q > 0,(αq )
and
Γ ∩D 6= ∅(β)
for any irreducible compact analytic curve D in M .
In [2] Hartshorne proposed the following
PROBLEM A. – Does the converse of Proposition 0.1 hold?
Indeed, it follows readily from Nakai’s criterion [3] that Γ is an ample
divisor, provided (αq) for any q > 1 and (β) are satisfied. Consequently,
Problem A is interesting only if one assumes that conditions (α0) and (β)
are fulfilled. Apparently, in view of Ogus’ analyses and a construction
due to Arnold, a counterexample to Problem A does exist, see, e.g., [12]
or [13]. Therefore, we shall restrict only to compact surfaces M which
are minimal, i.e., free from exceptional curves of the first kind. One of
our main goals is to provide an affirmative answer to Problem A for:
(a) minimal compact algebraic surfaces M with κ(M)=−∞, and
(b) all minimal compact non-algebraic surfaces M .
If X is Stein, it turns out that, necessarily, κ(M) = −∞. Also recall
that for a given compact surface M , we say that its Kodaira dimension
κ(M)=−∞, if the linear system |NKM | = ∅ for any N > 1, where KM
is the canonical bundle of M . On the other hand, in [14], Serre raised the
following
PROBLEM B. – LetX be a C-analytic manifold and let us assume that
Hq,p(X) :=Hp(X,Ωq)= 0 for all p> 1 and q > 0.(∗)
Is X always Stein?
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It turns out that in our current settings, we do obtain a positive
answer to this problem. Hence, as a by product, we get a homological
characterization for Stein surfaces X which admit a compact surfaceM of
type (a) or (b) above, as their compactification. So this paper is organized
as follows: In Section 1, a positive answer for Problem A is established
for geometric ruled surfaces M . Also a complete classification of those
Stein surfaces X is given. In Section 2, analogous results are obtained
for non-algebraic compact surfaces M . Finally, in Section 3 a positive
solution within this framework to Problem B will be carried out. Finally
in Section 4, the existence of affine structures on those Stein surfaces X
will be discussed.
1. The algebraic compact surfaces
First of all few basic definitions and notations are in order. We refer to
[3, Chapter V.2] for an excellent account on this subject.
DEFINITION 1.1. – A geometric ruled surface (of genus g > 0) is a
compact surface M , with a surjective morphism pi :M → C, where C
is a smooth compact analytic curve of genus g > 0 such that the fibres
pi−1(x) are isomorphic to P1 for all x ∈ C.
Furthermore, for any geometric ruled surface M , there exists a rank
2 vector bundle V on C, such that M ∼= P(V). By tensoring V with a
line bundle, we can assume that V is normalized, i.e., V has a section but
H 0(C,V⊗M)= 0 for all line bundleMwith deg(M) < 0. Now let e be
a divisor on C such that O(e)= det(V), let e := −deg det(V) and let us
select a section Ξ ∈ |OM(1)| such that Ξ 2 =−e. From now on we shall
refer to Ξ as the canonical section of M whose fibres will be denoted by
F. Then any compact curve Y in M can be written as, Y ≡ aΞ + bF for
some a, b ∈ Z (≡ stands for numerical equivalence). Now one has the
following crucial result [3, Chapter V.2].
LEMMA 1.2. – Let Γ ≡ aΞ + bF be a compact irreducible curve in
M ∼= P(V) and let e=−degV . Assume that Γ 6=Ξ and F. Then:
(a) a > 0 and b > ae, if e> 0;
(b) If e < 0, then, either:
1◦ a = 1 and b > 0, or
2◦ a > 1 and b> 12ae.
BULLETIN DES SCIENCES MATHÉMATIQUES
626 T. VO VAN
DEFINITION 1.3 ([2,3]). – Let E be a holomorphic vector bundle over
a smooth compact curve C of genus g, Then we say that E is stable (in
the sense of Mumford) if µ(L) < µ(E) for any proper subbundle L in E,
where µ(V ) := degV/rankV is the slope of a vector bundle V on C.
One can show that for a normalised rank 2, indecomposable bundle V
over some compact analytic curve C,V is stable iff degV > 0 iff e < 0.
DEFINITION 1.4 ([19]). – A C-analytic surface X is said to be
strongly pseudoconvex (in the sense of Grauert) if there exist:
1◦ a compact set K ⊂X, and
2◦ an exhaustion function φ ∈ C∞R (X) such that its Levi form
L(φ)x := i∂S∂φ(x) > 0 for any x ∈X \K.
Remark 1.5. – For any given strongly pseudoconvex surface X, one
can check that:
1◦ X is Stein if K = ∅;
2◦ X is Stein iff X does not contains any compact analytic curve S
such that S2 < 0.
From now on strongly pseudoconvex surfaces X which are not
Stein will be referred to as properly strongly pseudoconvex and S
their exceptional set.
3◦ Let M be a compact algebraic surface of general type and let
φNKM :M→ Y be its pluricanonical mapping with N  0, where
Y is a projective surface with only isolated rational singular points
{pk}. Let H be a hyperplane section on Y such that {pk} /∈ H .
Then one can check that X :=M \φ−1NKM (H) is properly strongly
pseudoconvex with exceptional set S := φ−1NKM ({pk}).
THEOREM 1.6. – Problem A admits an affirmative answer, provided
M is a geometric ruled surface.
Proof. – Let us use the same notations as in Lemma 1.2.
(A) Assume that e > 0.
Now condition (β) implies that Γ . Ξ > 0, i.e., −ae + b > 0 i.e.,
b > ae.
Consequently
Γ 2 =−a2e+ 2ab = a2e > 0.
Hence (α0) can never occur.
TOME 123 – 1999 – N◦ 8
ON HARTSHORNE’S PROBLEM 627
(B) Assume that e < 0.
Certainly V is indecomposable with deg(V) = −e and we infer from
Lemma 1.2 that Γ 2 > 0, if a = 1. Consequently we can now assume that
a > 1.
1◦ Assume that g := genus of C > 1.
Notice that there is a one-to-one correspondence between effective
curves Γ ≡ aΞ + bF on M , having no fibres as components and line
subbundles Λ of the symmetric power Sa(V) for any a > 1, cf. [2,
Proposition 10.2, Chapter I] and one can easily check that degΛ =
−b. Since as previously observed V is stable, it follows from result of
Narasimhan and Seshadri, see, e.g. [2, Theorem 10.5, Chapter 1] that
Sa(V)=⊕
i
Ei($)
such that for each i, Ei is stable and µ(Ei )= µ(Sa(V)).
Thus we have the following alternatives:
(a) If Sa(V) is irreducible, then it is stable. Since rankSa(V)= a + 1
and degree Sa(V) = − 12a(a + 1)e, it follows readily that µ(Sa(V)) =
− 12ae. Consequently we infer from the stability of Sa(V) that b > 12ae,
i.e., Γ 2 > 0
(b) If rank (Ei)= 1 for any i, then let Yi ≡ aΞ + 12aeF be the effective
compact curves in M associated to Ei . Certainly Y 2i = 0, for any i, and it
follows readily from ($) that Yi ∩Yj = ∅ if i 6= j ; consequently if Γ 2 = 0,
there exists at least one i such that Yi ∩Γ = ∅ which shows that condition
(β) is violated.
(c) If rankEi > 1 for at least one i, then without loss of generalities we
can assume that
Sa(V)= E ⊕L,(∧)
where rankE > 1 (respectively rankL> 1).
Since C is a compact Riemann surface, one can find (see, e.g. [4,
Theorem 10]) a line subbundle Λ ⊂ E (respectively Σ ⊆ L). Now let
Y ≡ aΞ + mF (respectively Y0 ≡ aΞ + kF) be its associated effective
compact curve inM . In view of the stability hypothesis of E (respectively
of L), it follows readily that m> 12ae (respectively k > 12ae). In view of
the splitting (∧), we infer that Y ∩ Y0 = ∅, which is not possible since
e < 0.
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2◦ Assume that g = 1.
In view of Riemann–Hurwitz theorem [3], Γ 2 = 0 will imply that Γ
is necessarily a non-singular compact elliptic curve. In this case, it was
shown [12, Lemma 6.8] that condition (β) will be violated.
In conclusion for a > 1 (β) will imply (αq) for some q > 1.
(C) Assume that e= 0.
If Γ 6= Ξ , then (β) tells us that Γ .Ξ = b > 0 and Γ .F = a > 0.
Therefore Γ 2 = 2ab > 0. Consequently one always has (αq) for certain
q > 1. Now if Γ =Ξ , it follows that Γ 2 = e= 0.
1◦ If V is decomposable, there exists at least one section D in M such
that Γ ∩D =∅; consequently this contradicts (β).
2◦ If V is indecomposable, it follows readily, from the following exact
sequence
0→OC→ V→L→ 0
the existence of a non-zero element ζ ∈ Ext1(L,OC) ∼= H 1(C,L∗).
Certainly V is a non-trivial extension of L by OC . Hence results in
[17, Theorem 1] and [12, Proposition 7.1] tell us that X is strongly
pseudoconvex in the sense of Grauert, see, e.g. [20]. Together with (β)
this shows that X is actually Stein. 2
Remark 1.7. – (a) Let O be the structure sheaf of P1 and let M :=
P(O ⊕O(−e)) be a rational surface. Let Γ := Ξ ∪ F. Then it is clear
that M is a compactification of C2 but Γ 2 < 0, if e > 2. However,
C2 > 0 where C := mΞ + nF, provided n > 12m and m > 0. Therefore
Problem A, as well as its positive solution can be reformulated by
replacing “irreducible curve Γ ” by “effective curve C”.
(b) LetRg := P(Vg) where Vg is a rank 2 stable bundle on C of genus
g > 1, be the ruled surfaced as in the proof of part (B) of Theorem 1.6.
In this situation, it was claimed [10, p. 286] that, it follows from a main
result in [11], one has the following stronger statement namely,
Sa(Vg) is stable for any a > 2, if g > 1.(∗)
In fact a careful analysis shows us that the main result in [11] does
not always guarantee the stability of Sa(Vg), see, e.g. [2] (loc. cit.).
Furthermore, form the argument in (B) 1(b) of the proof of Theorem 1.6,
(∗) would provide us the following intrinsic characterization of the
geometry of Rg , [10, Proposition 5.9], namely
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Let Y be an irreducible compact curve in Rg with g > 1.
Then Y 2 = 0 iff Y = F∼= P1.(∗∗)
Therefore a solution (positive or negative) to the statements (∗) and (∗∗)
certainly will be of special interest in its own right.
Also note that, in the terminology of [10], for any ruled surface R, his
invariant IR =−e which is the one used by us here. On the other hand,
we would like to point out here two facts:
(i) Sa(V) are indeed stable for generic stable bundles V of arbitrary
rank k and degree d .
(ii) Statement (∗) (respectively (∗∗)) is false for g = 1 (respectively
for R1 := P(V1)).
In fact, in [16, Theorem 5(iii)] by viewing R1 as an elliptic surface over
P1, Suwa explicitly exhibited three non-singular compact elliptic curves
Θi with 1 6 i 6 3 each of which can be realised as double covering
of C, yet (Θi)2 = 0; in particular S2(V1) is not stable. Precisely Θi
are homologous to 2Ξ − F ≡ −K, where K is the canonical divisor of
R1; consequently – K is numerically equivalent to an effective divisor.
Furthermore, one can also show that, h0(R1,−2K) > 0.
(ii) From the proof of Theorem 1.6, one immediately notices the
intertwining relationship between the conditions (αq) and (β). Here,
we would like to present a refine version of Theorem 1.6, as well as a
complete classification of Stein surfaces X which admit a ruled surface
M as their analytic compactification, namely
THEOREM 1.8. – Let M ∼= P(V) be a geometric ruled surface with
invariant e, let Γ be an irreducible compact curve in M , and let X :=
M \ Γ .
Then X is Stein iff one of the following two cases occur:
(1) Γ 2 > a2e, if V is decomposable, or
(2) Γ 2 > ε|e| for some ε > 0 and Γ 6= F, if V is indecomposable.
Proof. – (I) Assume that X is Stein. Then, necessarily Γ 2 > 0.
(A) Assume that V is decomposable.
Since e > 0, by hypothesis, it follows readily that Γ 6= Ξ,F and
Γ .Ξ =−ae+ b > 0, i.e., b > ae. However,
Γ 2 =−a2 + 2ab > a2e iff b > ae.(†)
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(B) Assume that V is indecomposable.
In view of part (B) of the proof of our Theorem 1.6, we infer that
Γ 2 = 0 could occur only when Γ = Ξ and e = 0. Furthermore if
γ := Γ 2 > 0 then let us select ε := γ /|e| and this will provide us case (2).
(II) We are going to show that, for the above two cases, X is Stein.
(A) Assume that V is decomposable.
In view of (†), Γ 2 > a2e is equivalent to b > ae. Since e > 0,
Lemma 1.2(a) implies that Γ .Λ > 0 for any compact irreducible curve
Λ in M . Hence Γ is ample, in particular X is Stein.
(B) Assume that V is indecomposable and Γ 2 > ε|e|.
(i) Assume that Γ 2 > ε|e|> 0.
(ii) Assume that e> 0.
Claim. – Γ .Ξ > 0.
Obviously Γ 6= Ξ,F; it follows readily that b > 12ae. For any
irreducible compact curve Y ≡ a′Ξ+b′F one has, in view of Lemma 1.2,
b′ > a′e. Then a simple calculation shows that Γ .Y > 0, i.e., is ample and
our desired conclusion will follow.
(b) Assume that e < 0.
Again it follows readily from Lemma 1.2, that Γ .Y > 0 and we are done.
(ii) Assume that Γ 2 = ε|e|.
(a) Assume that e 6= 0.
Then the above argument shows that X is Stein.
(b) Assume that e = 0.
Since Γ 2 = 0 and by hypothesis Γ 6= F, we infer that Γ ∼= Ξ and it
follows from the last part of the proof of Theorem 1.6, that X is strongly
pseudoconvex. Now let
Y ≡mΞ + nF
be an irreducible compact curve in X. Then n > 0 and consequently if
Γ ∩ Y = ∅, necessarily Y ≡ mΞ which is impossible since Y 2 = 0 and
X is strong pseudoconvex and our proof is complete. 2
COROLLARY 1.9. – Let Γ,M,X and V be as in Theorem 1.8. Assume
that Γ 2 = 0. ThenX is Stein iff V is indecomposable with invariant e= 0
and Γ ∼=Ξ .
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Remark 1.10. – Now let C be a smooth compact analytic curve of
genus g > 1 and let V be a rank 2 vector bundle on C
0→OC→ V→OC→ 0
such that V is a non-trivial extension of OC by itself, corresponding to a
non-zero element ζ ∈H 1(C,OC). Let M ∼= P(V) be its associated ruled
surface. Then one can check that V is indecomposable, with invariant
e = 0, and is equipped with a canonical section Ξ , such that Ξ 2 = 0.
Hence this M is the same type as the one in our Corollary 1.9. In this
case, it was shown [18] that X :=M \ Ξ is Stein, under the additional
assumption that the image of Cζ by the canonical map
H 1(C,OC)→H 1(C,OC)/H 1(C,Z)
is compact, where Cζ is the linear subspace of H 1(C,OC) generated
by ζ .
PROPOSITION 1.11. – Let M,V,X and Γ be as in Theorem 1.8. Then
X is properly strongly pseudoconvex iff V is decomposable with invariant
e > 0 and Γ 2 = a2e.
Proof. – 1◦ Assume that X is properly strongly pseudoconvex and let
S be its exceptional set. Now one can check that [19, Theorem 3], the
ruled surface carries an exceptional compact curve S only when e > 0
and S ∼= Ξ . By hypothesis Γ 6= Ξ,F and Γ .Ξ = 0, we infer from the
argument in the proof of Theorem 1.8 that V is decomposable and b= ae
whence Γ 2 = a2e.
2◦ Assume that V is decomposable with invariant e > 0 and Γ 2 =
a2e > 0. Then it follows readily that X is strongly pseudoconvex. On the
other hand Γ 2 = a2e is equivalent to b= ae, i.e., Γ .Ξ = 0. Consequently
X is properly strongly pseudoconvex with exceptional set S ∼=Ξ . 2
2. The non-algebraic situation
DEFINITION 2.1. – A Hopf surface is a compact surface H such that
its universal covering is biholomorphic to W∼=C2 \ {0}.
Furthermore, H is said to be non-elliptic if a(H)= 0.
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Remark. – It is known that any Hopf surface H contains at least one
compact non-singular elliptic curve E, such that E2 = 0.
Now, a main result in [7, Theorem 30] gives us the following
THEOREM 2.2. – Any Hopf surface H admits a finite unramified
covering compact surface Ni ∼= W/{fi}, i = 1 or 2, where fi is a
contraction
f1(respectively f2) : C2 C2
(z,w) (αmz+ λwm,αw)
(respectively (z,w)) (αz,βw)
for some positive integer m and 0< |α|6 |β|< 1.
Furthermore if H is non-elliptic then either (a) λ 6= 0, or (b) αk 6= β1
for any integers k and 1.
DEFINITION 2.3. – A non-elliptic Hopf surface H is said to be of type
(I) and denoted by H1 (respectively of type (II) and denoted by H2) if H
admits a finite unramified covering N∼=N1 (respectively ∼=N2).
Remark 2.4. – (i) In view of Theorem 2.2, any Hopf surface H is either
of type (I) or (II).
(ii) Notice that N1 carries exactly one smooth elliptic curve E and
a computation in [5] tells us that indeed X := N1 \ E ∼= C∗ × C∗. On
the other hand, N2 carries exactly two disjoint smooth elliptic curves,
say E1 and E2. Now let Zi := Ni \ Ei , where i = 1 or 2 and let
Z0 := N2 \ (E1 ∪ E2) and let Ok where 0 6 k 6 2, be their structure
sheaf. Then one can check easily that H 0(Zk,Ok)= C; in particular, N2
can never be a compactification of any Stein surface X.
DEFINITION 2.5. – In [1], for some fixed n ∈ Z+, α ∈ C with 0 <
|α|< 1 and t ∈Cn, explicit construction of compact surfaces Sn,α,t which
will be referred to as parabolic Inoue surfaces, is given, with the following
properties:
(a) Sn,α,t carries a compact connected curve Dn,α,t such that D2n,α,t =
0;
(b) n= b2(Sn,α,t )= b2(Dn,α,t )> b1(Sn,α,t )= 1, and
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(c) Sn,α,t \Dn,α,t is an affine C-bundle of degree−n over some smooth
elliptic curve E∼=C∗/〈α〉.
Furthermore a parabolic Inoue surface is called special (respectively
regular) if t = 0 (respectively t 6= 0). Also notice that, for regular
parabolic Inoue surfaces, one has [20, Proposition 3]:
(d) Dn,α,t is the only compact curve on Sn,α,t iff t 6= 0;
(e) Sn,α,0, on the other hand, also contains a smooth compact elliptic
curve E such that E2 =−n.
Now as far as the non-algebraic compactification of Stein surfaces is
concerned, one has the following important result [5], see also Lemma 3.1
below.
THEOREM 2.6. – Let M be a minimal, non-algebraic and compact
surface, letΘ be a compact analytic subvariety inM and letX :=M \Θ .
If X is Stein, then, necessarily b1(M)= 1 and a(M)= 0.
Now an analogue to Theorem 1.8, in the non-algebraic case can be
stated as follows.
THEOREM 2.7. – Let M,Θ and X be as in Theorem 2.6. Then X is
Stein iff:
(a) M ∼=H1 and Θ ∼=E, or
(b) M ∼= Sn,α,t and Θ ∼=Dn,α,t with n := b2(M) and t ∈Cn \ {0}.
Proof. – (I) Assume that X is Stein.
In view of Theorem 2.6, b1(M) = 1 and a(M) = 0. Furthermore,
Θ =⋃i Θi is a connected compact curve, see also Lemma 3.1 below.
From now on, let us denote by A := [ai,j ] the intersection matrix for
Θ , where ai,j :=Θi .Θj .
(i) Assume that b2(M)= 0.
We infer, from a result in [7, Theorem 34] that M is a Hopf surface.
Now letM be a finite unramified covering of M and notice thatM is a
compactification of a Stein surface iff M is one. Consequently, we infer
from Remark 2.4 that M ∼=H1 and Θ ∼= E.
(ii) Assume that b2(M)= n> 1.
If for some i, Θ2i > 0, it follows from [7] that M is algebraic,
contradiction to a(M) = 0. On the other hand, if A is negative definite,
one obtains a blowing down morphism pi :X → Y with p = pi(Θ)
inducing a biholomorphism X :=M \ Γ ∼= Y \ {p}. Since X is Stein,
Hartogs’ extension theorem implies the existence of a non-constant
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holomorphic function on the normal, compact C-analytic space Y which
is impossible.
Consequently one can find integers ri ∈ Z such that D2 = 0, where
D :=∑i riΘi is a divisor 6= 0, supporting onΘ . Then a main result in [1]
tells us that M ∼= Sn,α,t and D = kDn,α,t for some k ∈ Z, with 0< |α|< 1
and t ∈ Cn, where n = b2(M). Therefore Θ ∼= Dm,α,t . Since X is Stein,
we infer from 2.5(d) that t 6= 0.
(II) (i) Assume that condition (a) is satisfied.
In view of Definition 2.3, and Remark 2.4, C∗ ×C∗ is a finite covering
of X :=M \Θ . Hence X is Stein.
(ii) Assume that condition (b) is satisfied.
In view of 2.5(c), X :=M \Θ is an affine C-bundle of degree −n < 0,
over some elliptic curve E∼=C∗/〈α〉. Hence there exist:
1◦ an elliptic ruled surface M ∼= P(V) over C ∼= E with invariant
e = n, where V := OC ⊕ L and L ∈ Pic(C) with degL = −n,
and
2◦ a section S ≡Ξ+bF⊂M, for some b ∈ Z such thatX ∼=M\S .
Now if S = Ξ , the compact curve D ≡ Ξ + nF ⊂ X since D.S = 0,
which contradicts property 2.5(d).
Consequently S 6=Ξ . Since S.Ξ =−n+ b > 0, i.e., b > n, it follows
that S2 =−e+ 2b >−e+ 2e= e. Therefore this leads us to the case (1)
of Theorem 1.8 and we are done. 2
By construction D1,α,t is a rational curve [1, Proposition 3.4] with
exactly one singular point which is a node. Hence, we deduce the
following
COROLLARY 2.8. – Let M,Θ and X be as in Theorem 2.5 and
assume that X is Stein. Then Θ is a non-singular (respectively singular)
irreducible compact analytic curve iff b2(M)= 0 (respectively = 1).
Remark 2.9. – It is clear from Definition 2.3, that if a Hopf surface H
is of type (I) then H contains exactly one compact analytic curve; but
the converse is not true in general; indeed, as pointed out in [7, p. 707],
it is possible to have a Hopf surface H containing exactly one compact
analytic curve E, yet H is not of type (I). In fact, in this case, as was
observed in Remark 2.4, X :=H \ E is never Stein which Peternell [13,
p. 309] falsely attributed to Kodaira [7] who in fact, neither proved nor
claimed such a statement.
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In view of 2.5(e), an analogous statement for Proposition 1.11 can be
stated as follows [19].
COROLLARY 2.10. – LetM,X andΘ be as in Theorem 2.7, with n :=
b2(M). Then X is properly strongly pseudoconvex iff n> 1, M ∼= Sn,α,0
and Θ ∼=Dn,α,0.
By and large the properly strong pseudoconvexity of X puts a heavy
constraint on the algebraic structure on M which can be summarized as
follows
PROPOSITION 2.11. – Let M be a compactification of some proper
strongly pseudoconvex surface X such that its exceptional set S is
singular. Then M is necessarily algebraic with κ(M)> 0.
3. The Serre problem
In this section we shall sharpen Theorem 2.7, by providing a positive
answer to Serre’s problem within our current settings. But first of all few
basic results are in order.
LEMMA 3.1. – Let M be a compact surface. let Θ be a compact
analytic subvariety in M and let X :=M \Θ . Assume that
H 1(X,Ωj)= 0 for 06 j 6 2.(#)
Then one has:
(i) Θ is connected and of pure dimension one.
(ii) X is free from compact analytic curves.
(iii) The intersection matrix B, determined by Θ is not negative
definite.
(iv) If M is minimal and non-algebraic, then a(M)= 0, and b1(M)=
1.
Proof. – Since X is non-compact, (#) and a result in [8], allow us to
conclude that
Hp,q(X)= 0 for all p > 0 and q > 0.(§)
(i) Now a result in [15] tell us that H3(X,C)= 0 and Poincaré duality
says that H 1c (X,C) = 0. So it follows readily from the following exact
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sequence
0→H 0(M,C)→H 0(Θ,C)→H 1c (X,C)
that Θ is connected.
Certainly Θ cannot be a single point {p}. In fact, if it was, let m be the
maximal ideal sheaf ⊂OM defining {p} and let us consider the following
exact sequence, see, e.g. [2],
H 1(X,OX)→H 2{p}(M,OM)→H 2(M,OM)→ 0.(∗)
Since the local cohomology group
H 2{p}(M,OM)= lim←− kExt
2
OM
(M,OM)
= lim←− kH
0(M,Ext2OM (OM/mk,OM))
= lim←− kH
0({p},OM/mk)
is infinite-dimensional and h2(M,OM) <∞, since M is compact, we
infer from (∗), that H 1(X,OX) 6= 0; a contradiction to (#).
So from now on let Θ = ⋃i Θi be the connected compact curve with
its intersection matrix B.
(ii) Follows from Satz 2.2 in [13].
(iii) Now assume that B is negative definite. Then Θ can be blown
down to a normal singular point {p} which is Cohen–MaCaulay.
Hence similar arguments as in (i) show that this cannot happen. We
refer to [9, Lemma 1.6] for different proof.
(iv) We shall follow closely an argument in [5].
1◦ Assume that a(M)= 1, then following [7], there exists a morphism
pi :M→ C to some compact analytic curve C such that the generic fibre
of pi is a smooth elliptic curve. Now a result in [6, Theorem 4.3] tells
us that pi(Θ) consists of a single point say {p} ∈ C. So for a point
{q} ∈ C \ {p}, one obtains a compact analytic curve C := pi−1(q) in
M \Θ =X contradicting (ii).
2◦ Assume that a(M)= 0.
Following [7], M is either
(a) a two-dimensional torus T , or
(b) a K3 surface, or
(c) b1(M)= 1.
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Now if M ∼= T which is a homogeneous manifold, we infer from [21,
Proposition 1] that, by translation of Θ , one obtains a compact analytic
curve Θ ′ in X; this contradicts property (ii). On the other hand if M is a
K3 surface, then one can check that
h0
(
M,OM(Θ)
)+ h0(M,OM(−Θ))6 1(¶)
since a(M)= 0 and KM =OM .
Furthermore, Riemann–Roch theorem [7] implies
H 0
(
M,OM(Θ)
)+ h0(M,OM(−Θ))> 12Θ2 + 2(¶¶)
since h2(M,OM)= 1 and h1(M,OM)= 0.
Hence, it follows readily (¶) and (¶¶) that Θ2 6 −2. Hence B is
negative definite, contradicting (iii) and our proof is complete. 2
We are now in a position to provide a positive answer to Serre problem
and to sharpen Theorem 2.7 as follows
THEOREM 3.2. – Let M,Θ and X be as in the hypothesis of Lemma
3.1. Then X is Stein if M is:
(a) a geometric ruled surface, or
(b) a minimal, non-algebraic compact surface.
Proof. – (a) Assume that B is negative semi definite. In view of
Lemma 3.1, B is not negative definite. Notice that since M is a
geometric ruled surface, Ξ is the only possible compact irreducible
curve in M , such that Ξ 2 < 0, see, e.g. [19, Theorem 4]. Consequently
Θ is irreducible and we are reduced to the case (B) in the proof of
Theorem 1.6. Hence X is Stein.
Otherwise one can find an effective divisor D supported on Θ such
that D2 > 0. Together with Lemma 3.1(iii), X is Stein.
(b) Assume that M is non-algebraic. Then Lemma 3.1 tells us that
a(M)= 0 and b1(M)= 1.
1◦ Assume that b2(M)= 0.
Then M is a non-elliptic Hopf surface [7] and Θ ∼= E such that
X=M \Θ .
Claim: M ∼=H1.
Assume the contrary and let pi :M → M be an unramified finite
covering of M . Let Λ := p−1(E)= C1 ∪ C2 and let X =M \Λ. Since
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X is non-compact, one has the following exact sequence
H 1(X ,KX̂ )→H 2Λ(M,KM̂)→H 2(M,KM̂)→ 0.(!)
Since
H 2Λ(M,KM̂)=
2⊕
i=1
H 2Ci (M,KM̂),
C-dim H 2Λ(M,KM̂)> 2. Furthermore h2(M,KM̂)= 1. Consequently,
(!) implies that H 1(X ,KX̂ ) 6= 0. Since pi is a finite map and pi∗(KX̂ )=
KX , it follows readily from Leray spectral sequence that H 1(X,KX) 6= 0,
contradicting our hypothesis (§) and our claim is proved. Then the argu-
ment in the proof of part II(i) of Theorem 2.7, tells us that X is actually
Stein.
2◦ Assume that b2(M) > 0.
In view of Lemma 3.1, the argument in the proof of part II(i) of
Theorem 2.7 implies that X is Stein again. 2
Notice that Dn,α,t for n > 1 is a cycle of n smooth rational curves, and,
for any component Y ⊂ Dn,α,t , Y 2 < 0 [1, Proposition 3.4]. Hence we
deduce the following
COROLLARY 3.3. – Let M be a minimal non-algebraic compact
surface, letΘ be a compact analytic subvariety inM and letX :=M \Θ .
Assume that
H 1(X,Ωj)= 0 for 06 j 6 2.
Then M ∼= a Hopf surface of type (I) (respectively ∼= a regular parabolic
Inoue surface) iff Θ ∼= E (respectively ∼=Dn,α,t ).
Remark 3.4. – (1) Part (b) of Theorem 3.2 was also established in [13,
Satz 3.2]. However, there are few gaps in his proof, cf. Remark 2.9.
(2) Notice that an algebraic analogue to Theorem 3.2 is false. In fact
let Mg be the ruled surface of genus g > 1, as in Corollary 1.9 and
let Xg :=Mg \ Ξ . Then one can check that, the algebraic cohomology
groups
Hp,q(X1)= 0 for all p > 0 and q > 1.($)
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Since Ξ 2 = 0, it follows readily, that Xg is not affine for any g. In [9]
a complete classification of algebraic surfaces X satisfying ($) is carried
out, from which we infer the following
COROLLARY 3.5. – Hp,q(Xg)= 0 for all p > 0 and q > 1 iff g = 1.
4. The affine structure
Our main objective here is to investigate the algebraic structure of the
Stein surfaces Xg . In view of our Theorem 1.8, one obtains the following
characterization.
PROPOSITION 4.1. – LetM be a ruled surface and let Γ be a compact
analytic subvariety in M . Assume that X :=M \ Γ is Stein. Then X is
affine iff X 6=Xg .
Although X1 is not affine, it does carry some affine structure, since one
can check [20] that χ1 is biholomorphic to the affine surface A := P2 \ Y
where Y := union of three lines in general position in P2.
Therefore it is naturally to raise the following
PROBLEM C. – Let X be a compactifiable Stein surface. Does X
always carry some affine structure?
Unfortunately the answer is negative. Indeed a complete characteriza-
tion of the algebraic structure of the Stein surfaces Xg is given in [22],
namely
THEOREM 4.2. – Xg does carry some affine structure iff g = 1.
Such Stein surfaces are virtually the only counterexamples for Problem
C. In fact, in view of a main result in [20] one has
PROPOSITION 4.3. – Let X be a Stein surface which admits a non-
algebraic compactification. Then X does carry some affine structure.
In this respect complementing Proposition 4.1 one has
PROPOSITION 4.4. – Let X be a compactifiable proper strongly
pseudoconvex surface as in Proposition 1.11. Then X is strongly pseudo
affine (see, e.g. [19]), i.e., X is a proper modification of some affine vari-
ety Z.
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Proof. – Since S is exceptional, one obtains a blowing down morphism
Π :M→ N which contracts S to a point {∗} in N and which induces a
biholomorphism
M \ S ∼=N \ {∗}.(+)
Let D := Π(Γ ). In view of (+), D2 > 0. Furthermore, in view of the
strong pseudoconvexity of X, Z := N \D is Stein, in particular Z does
not contain any compact analytic curve; consequently, we infer that D is
actually an ample divisor onN . ThusN is projective algebraic, Z is affine
and, following Serre GAGA’s theorem, Π and hence pi :=Π |X :X→ Z
is actually an algebraic morphism. 2
In parallel with Proposition 4.3, we obtain
PROPOSITION 4.5. – Let X be a compactifiable proper strongly
pseudoconvex surface which admits a non-algebraic compactification M .
Then X carries a strongly pseudo affine structure.
Proof. – Let S be the exceptional set of X. In view of a main result in
[19], there exists some α ∈ C∗ such that M ∼= Sn,α,0 where n= b2(M)=
−S2; in particular X is biholomorphic to some affine line bundle A over
some elliptic curve C∗/〈α〉 with deg (A)=−n. Consequently A admits
an elliptic surfaceM ∼= P(V)with invariant e= n, as its compactification;
in particular S ∼= Ξ . Then the same argument as in Proposition 4.4
provides us the desired result. 2
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